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Abstract
In these lectures I try to explain basic ideas behind the applications of quantum
chromodynamics to the description of hard processes and indicate the direc-
tions of current activities.
1 INTRODUCTION
These notes are intended as a ‘crash course’ for experimental particle physicists who do not intend to do
QCD calculations themselves, but are curious to know about recent developments and, most importantly,
want to understand why — and to which extent — the calculations done by theorists have anything to do
with the observed reality. The quantum chromodynamics in its present form is essentially a “knowhow”
to calculate propagation and interactions of colored objects at small distances. On the other hand in
experiments one deals with colorless hadrons at large distances from the interaction point; strong inter-
action between hadrons is known very poorly and it is not known how to derive it from the underlying
quark-gluon interaction, apart from a few exceptional cases. One should wonder, therefore, how the
signatures of quark and gluon interactions survive through the hadronization stage. The main topic of
this lectures is to explain the physical principles that lie behind the calculations; how accurate the theory
predictions can be, and what to do if a disagreement between theory and experiment is found.
2 INFRARED SAFETY
In this section we will consider an example of hadron production in    annihilation, and, in particular,























In the c.m. frame the interesting part of this process is initiated by the virtual photon (or ,.- ) decay into
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Fig. 1: Hadron production in /0#/#1 -annihilation
in opposite directions with the velocity of light (if quark masses are neglected); the time of the creation
can be determined to the accuracy up to 2436587!9  because of the uncertainty principle. Our approach
in these lectures will be to take for granted that quark propagation and interactions at small distances are
described by the nonabealian gauge theory — the QCD. In this section we will try to identify a class of
physical observables for which this incomplete knowledge proves to be sufficient for their description to
a certain accuracy.
2.1 Unitarity+Analiticity+QCD
The basic idea behind all QCD applications is that although large-distance structure of QCD interactions
remains a mystery and the dynamics of hadronization process is unknown, it must obey certain general
rules in order to preserve Lorentz invariance and causality of the theory.
One of these general principles is the conservation of probability. Consider the total cross section,
summed over contributions of all possible hadron states and integrated over the hadron momenta. This set
of states is complete, which means that the sum of probabilities for any given initial-state configuration
decaying into some hadron state is unity. This completeness condition is usually formulated as unitarity
of the ‘ : -matrix’ of the transition matrix elements between the initial and final states in a scattering
process, and is postulated in axiomatic field theory. One familiar consequence of unitarity is the optical
theorem that relates the total cross section to the imaginary part of the forward scattering amplitude.
Similarly, unitarity allows to calculate the total cross section of       annihilation as the imaginary part










































*>*>* . The premium is obvious since any reference to a particular hadronic
state and the summation over states disappeared altogether! One may hope that the calculation of ?A
	  
does not involve some of the strong interaction problems but is it simple enough, at least for large energies
	
 ?
The answer to this question is in fact not trivial. First, notice that although using unitarity is a
great help to avoid the question how exactly hadrons are produced from quarks, we still do not get rid of
long-distance interactions. Indeed, an inspection of the integral in (3) shows that the main contribution
















this means that both time and distance can be large. Second, the detailed behavior of the
cross section as a function of energy has to be rather elaborate in order to reproduce the kinematical
hadron production thresholds. Let the photon energy be close to an exact multiple of the pion mass:
jiklnmpo
. Because of the energy conservation, this value serves as a boundary for the possibility to
produce at most l \ 7 , or at most l pions in the final state. The annihilation cross section has, therefore,
to exhibit a typical threshold behavior with a small cusp at q i . It is rather clear that a complicated
structure of thresholds corresponding to the production of the whole enormous variety of hadrons and
hadron resonances cannot be reproduced in perturbative QCD calculations. One may hope that the actual
contribution of such processes to the total cross section is small (at LEP, they correspond to events with
very large multiplicity), but this requires further analysis.
There exists an elegant way out, however, that allows to avoid both difficulties by going over
to unphysical, imaginary values of the energy. It can be proven that if the strong interactions obey





must be analytic in the complex 	  plane, with a cut at real 	  stretching from the lowest hadron
threshold to infinity, see Fig. 2. The trick is to use the Couchy theorem that allows to calculate the value
of an analytic function at an arbitrary point in the complex plane provided its discontinuity (imaginary




of interest, and deform the counter as shown in Fig. 2. Assuming that the integral over the







Fig. 2: Complex rs plane in /F0!/!1 -annihilation
expressed in terms of the imaginary part ;t=u?v
A	  
 . In fact, the integral over the large circle
does not vanish, and to repair this one has to take a derivative over 	  (write the dispersion relation with
























The way to read this formula is the following. Assume 	  is large and negative. The integral on the



















To see this explicitly one has to examine the structure of the integral in (3). A qualitative explanation
is as follows. The wave function of the quark-antiquark pair produced via the virtual photon decay has
a typical oscillating time dependence familiar from quantum mechanics 5    HJ . Negative values of
	

correspond to imaginary energies f \
C
and, therefore, the corresponding wave function decays
exponentially with time 5    so that quarks cannot ‘propagate’ far from the origin.
All ‘gold-plated’ tests of QCD are organized by the same general scheme, relating observable cross
sections integrated over large energy regions, with quantities that are calculable (dominated by contribu-
tions of small distances) at unphysical values of energy. The most important examples are Bjorken and
Gross-Llewellyn sum rules in deep-inelastic lepton-nucleon scattering, we will consider them in what
follows. Their derivation relies on the applicability of QCD at short distances combined with using dis-
persion relations that follow from the (generally assumed) unitarity and causality of strong interactions;
these are the ‘most exact’ QCD predictions that the theory can provide us with at present.
2.2 Space-time picture
The strength — and the shortcoming — of the approach outlined above is that it allows to avoid the
necessity to consider the space-time evolution of quark-gluon interactions and the strong interaction
processes in general. This is a strong point, because it allows to make rigorous predictions, and it is
a weak point since the number of such predictions appears to be very small. We will try, therefore, to
develop a space-time picture of quark-gluon interactions in the hope that the number of applications will
increase considerably.
The heuristic argument can be given as follows. We assume that uncalculable — let us say nonper-
turbative — effects come entirely from large distances, whereas the interactions at small distances can
be systematically taken into account. This picture tacitly implies that the    annihilation proceeds via
a two-step process with the ‘short distance’ and ‘long distance’ subprocesses occuring at different time
scales, see Fig. 3. The crucial observation is that to the extent that they occur at different time scales, the










Fig. 3: Short-distance Ł and long-distance  interactions have no quantum interference



















































7 that is again the completeness condition (unitar-
ity), but applied to long-distance interactions separately.
The quantum-mechanical expressions (5) and (6) are still oversimplified in one important aspect.







to first order in perturbation theory brings an
embarassing result: infinity. To repair this, one has to remember that the idea behind writing (5) and (6)
was to separate contributions of large and small distances. This separation implies that we identify some
scale — for example time 3
-
that passed from the moment of annihilation — beyond which we are going
to treat gluon emission as nonperturbative and include in the block labeled ‘L’ in Fig. 3. Conversely,
only the part of the gluon interactions that occur at times less than 3
-
have to be included in block ‘S’







. In practice, using a time cutoff is inconvenient because it leads to ugly
integrals and the theorist’s trick (one of) is to achieve the same goal of cutting away the contribution of
large distances by giving a small mass mp 57!9V3
-
to a gluon. This helps indeed, and the straightforward



































Having solved one problem, we run into another one: the cross section for the quark-antiquark production
depends on the scale at which we measure it. However, this is not the whole story. Calculation of the
total cross section implies that we have to take into account contributions of all possible states of the
system at all times and at 3  3
-
in particular. The difference with quantum mechanics is that in a field
theory the number of particles is not conserved and in addition to the quark-antiquark states one also has
to include multiparticle contributions involving extra gluons. To first order in perturbation theory only








































































mp decreases (time 3
-





and the probability to have a ‘pure’ quark-antiquark state decreases by the same amount. The
cancelation in (9) means that the total cross section of       -annihilation appears to be not sensitive
to this redistribution and, as a consequence, does not depend on the (unknown) details of quark-gluon
interactions at large distances. Another way to state this: using a gluon mass corresponds to an ad hoc
modification of the theory at large distances; since this modification apparently does not influence the
total cross section, we conclude that the latter is not sensitive to the exact structure of large distance
interactions.
Note that the argument is general. For a given observable, check whether it is sensitive to the
gluon mass if calculated in perturbation theory (theorists speak of an ‘infrared cutoff’). If there is no
dependence (better to say, the dependence is mild), one may hope that this observable will not be modi-
fied by any long-distance interactions, both perturbative and nonperturbative. The property of being not
sensitive to the infrared cutoff is called infrared safety and the corresponding observables are usually
referred to as infrared-safe.
Best about this is that the explicit calculation is often not needed since it is rather easy to formulate
intuitive criteria for an infrared safe quantity. Indeed, long-distance interactions require long time, and,
therefore, can only proceed between the two partons (quark and gluons) with small relative momenta. In
a given frame, this means that the two partons either have to have small momenta — partons are called
‘soft’ in this case — or they have both to fly in the same direction — so they are called ‘collinear’. Long-
distance interactions are possible only between soft and collinear partons. It follows that observables
that do not change when a) one particle splits in two collinear and b) a very soft particle is emitted, are
infrared-safe and have chance to be insensitive to nonperturbative effects. This suggests that summing
over the states with ‘jets’ of nearly collinear particles and possibly adding contributions of very soft
particles can be a good idea. A famous example of an infrared safe cross section is provided by the
energy flow into constrained angular regions, see Fig. 4. The two-jet cross section in    -annihilation
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Fig. 4: Calorimetric jet measurements























where the coefficients µL· depend on the jet definition. For example, if a jet is defined as a collection of
































At this order only one gluon can be emitted so that the total cross section is equal to the sum of the
two-jet and the three-jet cross sections,  x¸}
x   ± c º¹ ± . As 2 ﬀ O , more events are identified as three
jets. One can study properties of individual jets as well, for example the jet invariant mass distribution is
an infrared-safe quantity.











 jets in (11) are mathematically very
similar. The contributing Feynman diagrams are precisely the same and the only difference (apart from
using a different infrared cutoff) is that quark production is interpreted in the latter case as the quark jet
production. The possibility of such an interpretation is established by the infrared safety of the jet.
In fact there is a theorem by Kinoshita-Lee-Nauenberg (KLN) that applies to theories with mass-
less vector particles (e.g. QED or QCD) and formulates precise conditions under which a given ob-
servable is not affected by long-distance interactions. The requirement is, roughly speaking, that an
observable has to be sufficiently ‘inclusive’ and does not distinguish between the states that have the
same energy. Summing over the states with arbitrary many quark and gluons (or hadrons) within a jet
presents an example of the KLN sum. Using the KLN theorem (in fact, a weaker version of it) one can
argue that e.g. the cancelation of the gluon mass dependence in (9) is valid to all orders of perturbation
theory.
2.3 How things might go wrong
Notice that the concept of infrared safety apparently allows to make more strong predictions compared
to the dispersion approach outlined in Sect. 2.1. For example, using the infrared safety argument we
are seemingly allowed to calculate the total cross section of       annihilation for each value of energy,
compared to the complicated integral (4) in the dispersion approach. This comes at a price, however, that
the prediction is less rigorous.
Technically, any perturbative calculation is done by evaluation of Feynman diagrams which con-
tain four-dimensional integrations over the momenta (or coordinates) of virtual quanta. These integrals
are tricky because of the poles in the propagators (so that the integrand is singular) and the whole idea of






. Referring to Fig. 2, this means that any perturbative calculation is in fact done at imagi-
nary energies, and then continued analytically to the physical cut at 	 ¼ O , consistent with our intuition
that any perturbative calculation is in fact done at small distances. The difference between the dispersion
sum rules and the perturbative calculations is that the analytic continuation is performed in the opposite
directions: In the first case, the physical observable is continued from the cut to the unphysical (Euclid-
ian) region, while in the second case the perturbative calculation is continued from the Euclidian to the
physical region. The problem with the latter is that any (perturbative) calculation is only an approxima-
tion to the exact result and small errors can be amplified by the analytic continuation. A famous example
is the following: Imagine the perturbative calculation is missing a correction of order ½>¾¿ T \ \ 	  Z
that is very small at large \
	

and can safely be neglected in the dispersion sum rule (4). The analytic









that is oscillating and not suppressed at all! (From this consideration it also becomes clearer how the
dispersion sum rule actually works: The oscillations are smoothened by the integration and average to
zero.) It follows that within a perturbative calculation of the total cross section we are not guaranteed
against the existence of corrections that are out of control. In the literature such corrections are referred
to as violation of duality; they came to the spotlight recently in connection with inclusive B-decays. Up
to now, very little is known about them.
To conclude, the concept of infrared safety is very important, but less rigorous compared to the
dispersion sum rules considered in the Sect. 2.1. Apart from the above technical argument, it is worth-
while to have in mind another example of the effect that could be missing in this framework. Imagine that
there exists a purely nonperturbative vertex for the transition of the virtual photon directly into hadrons,
without any quarks/gluons in the intermediate stage. Since no short-distance subprocess exists, the cal-
culation outlined in Eqs. (6)–(9) and all our further argumentation do not apply. One should expect that











where µ is some constant. (This is an almost generic way of writing of a contribution that cannot be
expanded in powers of the coupling.) In perturbation theory emission of extra particles would always













. Beyond perturbation theory this is not so, and it is
















etc. Summing up contributions with l hadrons in the final state, for the full nonperturbative contribution




















Under favourable circumstances, the sum over inverse powers of the coupling may produce an expo-









Å(Æ and if µÌËÍÎµ then the nonperturbative contribution to the
cross section may become of order unity! (Note that the sum is dominated by final states with very large
multiplicity; cf. the discussion of particle thresholds effects in Sect. 2.1.)
A possibility of large nonperturbative corrections to total cross sections at large energies has trig-
gered intensive discussions in 1989–1994, mainly in connection with possible baryon number violation
in the electroweak theory. The outcome of this discussion is that such processes still remain to be strongly
suppressed (i.e. µÌËÏ@µ ) although the exact suppression rate is difficult to calculate; in fact it remains an
open problem. The situation in QCD is probably similar and purely nonperturbative contributions are
very small; their very existence is, however, interesting as it shows limitations of the standard approach.
3 GLUON BREMSSTRAHLUNG
We have discussed general ideas how to convert results of calculations in terms of quarks and gluons into
predictions for hadron observables. As the next step, let us have a more close look at the gluon radiation
in QCD perturbation theory and learn some of its basic features.
3.1 Soft and collinear emission
We start with a simple calculation. Imagine a very fast quark exits the interaction region and emits a soft





is the quark mass. And let 	 be the gluon momentum. We will assume that the gluon has a small
mass
mp






. The probability amplitude of the emission is given by the product of
p+q p
q
Fig. 5: Gluon bremsstrahlung

























































































O and assumed that Ò 	Ü@ÒÐ so it can be neglected. Next, let ´ be the emission
angle of the gluon relative to the quark and take the frame of reference such that Ð X 8



















































































































Here and below I neglect numerical factors. The emission probability (differential cross section) is given



























































Ý depending on which of the two ratios is larger; at the same time the forward cross section
´

O vanishes. The total bremsstrahlung cross section is obtained by integrating (19) over the emission















This regime is realized for heavy quarks, with masses larger than the QCD scale ê . For light quarks one
rather has to assume that
mpëßÎm
I
. In this case the dependence on m
I










This is precisely the behavior that we observed on several examples in Sect. 2. The two logarithms can

















. In this limit, the integrated cross section formally
diverges, with the divergences coming from the region ´ ﬀ O , that is emitting a gluon collinear with
the parent quark, and Ý ﬀ O , that is emitting a soft gluon. This proves to be a general statement: all
(infrared) divergencies of amplitudes in perturbation theory are due to emission of soft or collinear par-
ticles. Since the necessity to introduce an infrared regulator (here, the gluon mass) has to be interpreted
as the intervention of long-distance interactions, this result is in agreement with our intuition that such
interactions are only possible between soft or collinear particles.
In many practical QCD applications a logarithm of energy can be considered as a large parameter.
In such cases the calculation can often be simplified by observing that such logarithms, as we just found,
come from either soft or collinear gluon emission and the approximations in (16)–(19) can be applied.
3.2 Scale of the coupling











, cf. Eq. (15). As we know, the QCD coupling is scale-dependent, that
is it depends on the distance at which it is measured. So, what is the relevant scale for the bremstrahlung
process?
Let us consider a similar process for the photon bremsstrahlung in quantum electrodynamics which
is simpler. The effective charge (scale-dependent coupling) in QED can be defined through the interac-
tion between two very heavy charged plates. Going over from the ‘bare’ to the scale-dependent coupling
corresponds to taking into account the vacuum polarization by virtual electron-positron pairs that is given
by multiple insertions of ‘bubbles’ in the photon propagator see Fig. 6a. The corresponding potential in
a b
Fig. 6: The QED running coupling




















in QED calculations is, therefore, a compact way to take into account a certain class of
Feynman diagrams — multiple insertions of fermion bubbles in a single photon line.
For the gluon (well, so far photon) bremsstrahlung, the question about the scale of the coupling is,
similarly, the question of taking into account contributions of more complicated diagrams corresponding
to vacuum polarization and, what is crucial, photon splitting into the electron-positron pair in the final
state as shown in Fig. 6b: the two parts of the diagram to the left and to the right of the dashed line
symbolize a product of the initial and the final amplitudes and the phase space integration over the
momenta of the electron and the positron in the final state is tacitly assumed. Notice that taking into
account the contributions with photon splitting into the electron-positron pair in the final state we are, in
effect, changing the question: instead of photon emission, we are, in effect, considering the emission of
a photon jet!
The calculation of the amplitude with the    pair in the final state is very similar to the cal-
culation carried out in the previous section, with the only difference that the gluon mass is substituted
by the invariant mass of the       pair. Since electron-positron pair with different invariant mass can
be produced, one has to integrate over all massses (or photon virtuality 	  , which is the same). Finally,
using dispersion relations one can show that the sum of all such diagrams can be written as a simple
one-photon emission with the effective coupling taken at the scale that is the maximum possible invariant
mass of the       -pair (or photon jet mass, in general). For the double logarithmic regime corresponding
to the soft and collinear photon emission the corresponding restriction is
	V
Ï
Ý ´ 	V ï (24)
(to see this, use (19) and put m
I

O ) where 	 ï is the photon transverse momentum with respect to the
parent quark. We conclude that if the photon emission is interpreted as photon jet emission, and if the
energy is large so that the approximation by soft and collinear emission can be applied, then the relevant
coupling has to be taken at the scale of the photon transverse momentum. The result in QCD is the same,
although the derivation is more subtle. The difficulty is that the running coupling in QCD is not reduced
to the effects of vacuum polarization insertions in the gluon propagator, but also receives contributions
of vertex corrections and the quark self-energy (in QED these effects cancel thanks to the Ward identity).
For more sophisticated readers, I want to add some explanation of the above statement that the
scale of the coupling is given by the maximum possible invariant mass of the jet. Because of unitarity,
the product of the two photon lines (with bubble insertions) in the direct and final amplitudes in Fig. 6b













. This integral can be written as a contour integral in the complex 	  plane as shown in Fig. 7a










Fig. 7: From the imaginary part to the contour integral, see text
the value of the integral. As the result, the polarization operator is now being integrated over a cirle of
the radius 	 ð
ñ Í 	  ï in the complex plane. Since ?v







 (we have not
discussed this, but it is a common knowledge), it follows that the bremsstrahlung cross section can be
expressed in terms of the coupling at the scale 	  ï , as anticipated.
3.3 Angular ordering
As known from classical electrodynamics, radiation from a charged particle is proportional to the ac-
celeration — we need to struck the quark in order that it starts to radiate gluons. Consider the simplest
process shown in Fig. 8. A free quark (on mass-shell) gets struck by a virtual photon with large mo-
mentum
	
so it (abruptly) changes the direction of motion. Gluons can be radiated both from the initial
and the final state; we have learnt that this emission is mostly soft and collinear, so we would expect
to see two narrow radiation cones along the initial and the final quark directions. However, what about
the interference? Each amplitude for the gluon emission has the form (15) and it is easy to show that








Fig. 8: Gluon emission from the initial vs. final state







































so that it is only the interference term that survives! A useful observation that has become known as
‘angular ordering’ is that the classical picture of the emission can, nevertherless, be restored for the
emission cross section, integrated in some special way over the azimuthal angle. It proves convenient to









































































































































































The three terms in the first line of this equation can be interpreted as, loosely speaking, the would-be
emission from the final and initial quarks and the interference, respectively. In the second line we have
regrouped them in two contributions, with half of the interference term subtracted in each term. Now
comes the basic idea: consider emission probability integrated over the azimuthal angle ö measured with
respect to the parent quark momentum, that is different for the two contributions in (28). The calculation
is simple, so I reproduce it in full detail in order that the result does not look as a miracle.
For the first term in the second line in (28) we choose the geometry as shown in Fig. 9 and expand



























































































































































































which is the desired result. The effect of the interference appears to be, after azimuthal integration,
to forbid the gluon radiation at the angles larger than the angle between the directions of the initial
and the final quark. The situation with the second term in (28) is exactly the same, but the azimuthal
integration has to be done with respect to the l Ë -axis. We conclude that if, by some reason, the azimuthal
dependence of the radiation is not important, the correct quantum-mechanical answer can be reproduced
by the independent (classical) radiation from the initial and the final quark, with the restriction on the
emission angle.
This result is very interesting because it suggests that under certain conditions the emission of
gluons is independent of the ‘history’ of the process: when several gluons are emitted successfully, the
only way how the latter ones ‘know’ about the previous emissions is through the kinematical condition
of the angular ordering. A detailed analysis shows that the calculation of mutiple gluon emission using
angular ordering indeed reproduces the major part of corrections that are beyond the double-logarithmic
approximation.
This is the basis of parton shower models:
ü Probabilistic picture of the sequence of gluon emissions








ü Plus a lot of machinery!
Parton shower models proved to be very successful in the description of gluon radiation. They are
usually combined with simple hadronization models and reproduce a rather detailed structure of the
final hadronic state. Because of this, they are indispensable for planning the experiments, estimating the
backgrounds etc.
3.4 String effect
Up to this point, our discussion of gluon radiation was in fact not specific for QCD and the results apply
to any theory with massless vector particles, and QED in particular. The major difference between QED
and QCD is that a gluon, in difference to a photon, has a (color) charge. The gluon itself is a source of
bremstrahlung (and in fact stronger than that of a quark because a gluon has a larger charge) while in
QED the photon radiation from a photon has to be mediated by the production of an electron-positron
pair and is small. Experimentally, this difference is seen most directly through the so-called string effect.
Consider the three-jet events in  `  annihilation and compare the particle flow in between the jet
directions in the two cases when the gluon jet is substituted by a photon jet (in the same kinematics), see









Fig. 10: The gluon emission in three-jet events: the quark, antiquark and photon jets (left) compared to the quark, antiquark
and gluon jets (right)
this radiation will interfere quantum-mechanically with the radiation from quarks. The corresponding
calculation shows that the interference is constructive in the angular region between the quark and the
gluon jet, and the interference is destructive between the two quark jets. As the result, one expects to
have more soft gluons (and therefore pions) in between the quark and the gluon jet compared to the
quark and the photon jet, and less gluons (pions) in the direction opposite to the gluon jet (compared to
the photon).
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Fig. 11: The string effect in a toy-model
the left figure we have an electron jet, a positron jet and a ‘photon’ jet made of a       pair. In the right
figure we see two electron jets and a ‘gluon’ jet made of two positrons. The differential cross section is





















stands for the emission amplitude from the jets 1 and 2 (the numeration is according to






























The factors 2 in the first two terms reflect the larger ‘gluon’ charge and the negative sign in the third term
is there because the interaction between the two electron jets is repulsive. Working out the amplitudes
and using the angular ordering condition (31), it is easy to show that the probability of emission in the
direction opposite to the         -pair vanishes. I leave this exercise to the reader.
The string effect is indeed observed, see Fig. 12. Note that for the gluon jet there are less particles.
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Fig. 12: The interjet hadron flow projected into the plane of a rþr4ß or ròþr  event as a function of the angle between the quark jet
and the hadron [7].
Historically, the observation of the string effect was very important. It has given a crushing blow to
old models of independent jet fragmentation (suggested and worked out by Feynman and Field), and
gave strong evidence supporting a more modern picture of string fragmentation by the Lund group. The
original idea behind the string effect was to explain nonperturbative hadron production by breaking of
the colored string connecting the quark and the antiquark (in this picture emission of a gluon corresponds
to a cusp in the string). The explanation of the string effect as due to quantum interference was invented
only later.
4 FACTORIZATION
All our discussion up to this point assumed that hadron production (and all long-distance effects) can be
dispensed off using a completeness condition (unitarity). Roughly speaking, the idea is that although we
do not know how the quarks become hadrons, we do know that this always happens. There exists a more
strong version of this statement which is sometimes called a ‘local parton-hadron duality’ (LPHD): the
momentum distributions of hadrons more or less follow that of the quarks and gluons. The theoretical
status of LPHD is unclear.
In this section we will discuss an even broader class of reactions for which the long-distance
effects do not cancel — and our previous argumentation does not apply — but one is able to isolate
(factorize) their effect in certain phenomenological functions, of which the celebrated quark and gluon
parton distributions in the nucleon provide the prime example.
The driving principle of factorization is the separation of scales: for a given observable that in-
volves a ‘hard’ scale ¥ one tries to invent a representation as a product (convolution, in general) of two
(or more) functions that take into account the effects of small and large distances, respectively. Schemat-









parton momenta Q ô Q ¼ )

parton momenta Q ô Q#Ï )
B
hadron momenta  * (34)
The ‘hard’ function  describes the evolution of the system at small distances and does not ‘know’
about hadrons, while the ‘soft’ function  stands for the parton transition to hadrons. By construction,

only involves partons with momenta less than the factorization scale ) and does not depend on ¥ .
‘Factorization’ means exactly this: the dependence on the hard scale ¥ is isolated (factorized) from the
dependence on soft (hadronic) momenta at the cost of introducing an auxilary separation scale.





























































































































In the second integral in order to avoid the singularity at
G
ﬀ
O one has to keep
m
 finite, but still can
simplify the integral replacing 7 \
G
ﬀ

































































up to corrections that fall down as powers of m 9 ¥ .
With some imagination one can interpret
G










is the hard ‘coefficient function’ in the sense of Eq. (34) and    )  Bm   is the soft ‘parton





is calculable since it comes from large momenta, while   5  is not accessible in perturbation
theory and has to be considered as a phenomenological input (or calculated using some nonperturbative
method). Notice that since the dependence on the scale separation parameter ) must cancel in the sum,
the scale dependence of   5  is calculable as it has to coincide (with the opposite sign) with that of
the coefficient function.
What do we achieve if factorization is possible?
ü The ¥  dependence of the observable is calculable since it comes entirely from the hard coefficient
function, cf. the above example.
ü It usually happens so that the same soft functions

enter different physical processes; in this case
one can use one of them in order to extract the function  from experiment and later use it in
other processes. This property is sometimes referred to as ‘universality’. E.g. quark and gluon
parton distributions are universal in the sense that they appear in the QCD description of many
hard reactions.
ü As we have seen on our simplistic example already, factorization brings in considerable technical


















. This means that in order to learn about the ¥  dependence it is enough to study the )
dependence. This is in many cases simpler because the scale separation can be done in a way that
is convenient for the calculation (e.g. use dimensional regularization). Last but not least, one can
use the powerful machinery of the renormalization group.
4.1 Deep inelastic scattering and parton sum rules
A canonical example of factorization in QCD is provided by the deep inelastic lepton-nucleon scattering








Fig. 13: The deep inelastic lepton-nucleon scattering
lepton energy and the scattering angle. The part of the amplitude involving the leptons can easily be
calculated and dispensed off. One is left with a cross section of virtual photon scattering from a nucleon





























is the Bjorken variable; Ð is
the nucleon momentum.
As the first step, we make use of the completeness condition (unitarity) that allows to rewrite the







































cf. (2) and our discussion of the       annihilation. In difference to the latter case, the virtuality of the




















O is positive. As the result, the forward Compton amplitude (42) at large
¥

still contains contributions of large distances and cannot be evaluated directly.
The second step is, therefore, to make use of the analytic properties of the Compton amplitude in














	#  B (43)
which is nothing but the invariant energy in units of ¥  . The analytic structure of the Compton amplitude
in the complex
Ý








Fig. 14: Analytic structure of the Compton amplitude
to infinity. The cut for positive
Ý
corresponds to the physical region of the deep inelastic scattering and
the corresponding discontinuity determines the DIS cross section. The cut for negative Ý corresponds to
the physical region of the so-called ‘u-channel’ process with the ingoing and the outgoing photon lines
in the r.h.s. of Eq. (41) interchanged. Using the integration contour shown in Fig. 14 we can calculate





















is the DIS cross section (structure function), cf. Eq. (4). (In the present case we
do not need to take the derivative since it can be argued that the integral over the large circle vanishes.)
The contribution of the ‘u-channel’ process is a nuisance since it corresponds to a different physical
process that is not measured in DIS experiments. Luckily enough, it can be dispensed off using the so-













; as the result of this
symmetry the effect of the crossing channel in the dispersion relation is, roughly speaking, to guarantee
that S
PÝÞ
is an even function and to give a factor of 2.
Note that the choice
ÝÜ
7 corresponds according to (43) to a large and negative c.m. energy
squared  5 \ ¥  and, therefore, to an unphysical large imaginary energy in the photon-nucleon colli-




































To be precise, only even values of l are allowed in the first expansion because of the crossing symmetry.







































Eq. (46) states that (even) moments of the DIS structure function are given by the coefficients S i in the
expansion of the forward Compton amplitude in the unphysical region Ý ﬀ O .
Similar to what happens for the polarization operator (3), large imaginary energy translates to the
requirement that the space-time points where the initial and the final state photon gets coupled to the




5 7!9 ¥ . The difference with the       annihilation is, however, that the process happens to
occur inside a nucleon. For the polarization operator, all quarks and gluons produced by the initial photon
have to be annihilated at a small distance. Therefore, they cannot get out of the small space-time region
of the size of the order of 7!9 Q 	 Q . In deep inelastic scattering, the virtual photon collides with the quarks
that already exist in the proton and their wave function had a long time to develop. As a consequence,
the process is not ‘confined’ (kinematically) to small distances.
A typical contribution to the forward Compton amplitude looks as shown in Fig. 15a. While the
j   (x)emµ










Fig. 15: The short-distance (operator product) expansion




¥ , the quark coordi-
nates  ¶ ,   are not restricted and can be arbitrarily large. It can be shown (this is easy but requires some
writing) that the expansion at small Ý in Eq. (45), (46) corresponds to the expansion of the amplitude in
coordinate space in powers of
G
, the separation between the currents. The result is presented schemati-





, where Ð 
is the quark virtuality so that for real quarks the result diverges, signalling intervention of large distances.
The amplitude is, therefore, not infrared-safe.
The way out is given by factorization. We introduce the scale separation parameter Q Ð Q Ü ) Ü ¥
and divide the contribution of any given Feynman diagram in two parts, corresponding to short and long
distances. The short distance part (the coefficient function) contains, by construction, contributions of
energetic gluons with momenta Q ô Q ¼ ) 1. It can be interpreted as the l -th moment of the cross section




. The contribution of long distances
corresponding to small loop momenta Q ô QÏ ) can formally be written as the nucleon matrix element
of a certain local operator built of quark fields and their derivatives; it contains the information about
the quark/gluon wave function of the nucleon that cannot be obtained in QCD perturbation theory. In

























1To be precise, one has first to rotate the integration contour over the gluon momentum to the Euclidian space and only then
impose the cutoff.
and then replace the second logarithm by a nonperturbative parameter, in full analogy with the simplistic
example at the beginning of this Section.
As already discussed, the main premium of the factorization is that one is able to calculate the
dependence of the cross section on ¥  . In a few cases it happens, however, that the relevant nonpertur-
bative parameters are known exactly as they are given by matrix elements of conserved currents. For
example, the number of quarks minus the number of antiquarks in the nucleon is a constant that cannot
be changed by any long-distance interactions (e.g. because quarks and antiquarks are produced in pairs).
These exceptional cases give rize to the so-called parton sum rules that are among the gold-plated QCD
tests. Because of the solid theoretical background, DIS sum rules are ideally suited (in principle, at least)
to extract the single fundamental parameter of QCD — the strong coupling constant.
One example is provided by the Bjorken sum rule for the polarized deep inelastic scattering that









of the proton and the
neutron to the axial nucleon charge
]















































. The perturbative series corresponds to the coefficient function and Q
]
Q is the














[8] at ¥  
«
GeV . It compares very well with the theoretical calculation
using the world average for
 
, cf. the compilation in Fig. 16.
Another important example is provided by the Gross–Llewellyn Smith sum rule that relates the







for neutrino-proton and antineutrino-proton








































Measurement of the GLS integral can be used to extract the value of
 
. Rather accurate data exist at the
relative low ¥  5

GeV [9]. Splitting them in six ¥  -bins and making the global fit, CCFR/NuTev






















where the first error is statistical, the second is due to the systematics and the third
corresponds to the theoretical uncertainty of the higher twist effects.
A recent compilation of the
 
measurements [10] is shown in Fig. 16, where the second and the
third entry from above correspond to the Bjorken and the GLS sum rules, respectively. It attracts attention
that the accuracy of these determinations is not better than the others, in particular the determination from
the
»
-lepton hadronic decays (in the fourth line) seemingly has a much smaller error.2
The reason for this is that in practice one has to keep balance between the theoretical rigour and
the experimental (and calculational) possibilities. One notorious problem with the DIS sum rules is that
they require to take the integral over the whole
G
range, and in practice this means that experimental






7 . The other problem is that although the
structure of nonperturbative power suppressed corrections 7!9 ¥  to the DIS sum rules is well understood
(we will discuss such corrections in the last Section), these corrections appear to be rather large and up to
now there exist only crude estimates of them. In contrast to this, the known nonperturbative corrections
to
»
-decays are small and the experimental situation is easier, hence the smaller error.
2I have no time to discuss the % -decays in these Lectures. The following remarks are general and apply to any & Æ extraction
that is using perturbative factorization (a space-time picture discussed in Sec. 2.2) as opposed to the operator product expansion
and dispersion relations.
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Fig. 16: Summary of xzy|{~} [10]. Filled symbols represent results based on complete NNLO QCD.
It has to be stressed, however, that the  determinations from  -decays could be affected by the
effects of duality violation in a way that the present theory cannot predict. A very good agreement with
the world average has to be interpreted as an experimental verification of the high accuracy of duality.
In other words, if the  extracted from  decays appeared to be very much off compared to other
measurements, this would be interpreted as violation of duality (and no one would be surprised). At
the same time, if the  extracted from DIS sum rules appeared to be in appaling contradiction with the
other data, this would create a serious problem. By saying that, I do not want to discredit most of the
  measurements in Fig. 16, but rather emphasize that one has to be aware of the existing problems and
keep an open eye.
4.2 The parton model
The derivation of parton sum rules uses the analytic properties of the Compton scattering amplitude in
an essential way: going over to imaginary energies (Ł ) is crucial to ensure that the integral in (42)
is dominated by short distances   . The price to pay is that the information about the space-time
development of the DIS process is lost: in Euclidian space, particles do not ‘propagate’, they just ‘occur’.
The actual space-time picture of the deep-inelastic scattering depends on the frame of reference. This
picture becomes particularly intuitive if the frame of reference is chosen such that the nucleon has a large
energy, the reason being that in such a case it can be described as a superposition of Fock states in terms
of quarks and gluons. We cannot calculate the structure of these states but assume that interactions of
‘free’ partons are given by the QCD perturbation theory.
Consider the  scattering in the c.m. frame, Fig. 17. At large energies, the nucleon gets contracted
e
p
Fig. 17: The  scattering in the c.m. frame
in the longitudinal direction and the interactions between the partons inside the nucleon get slowed down.
As the result, the lifetime of any virtual parton state is lengthened and the time it takes the electron to
traverse the hadron is shortened. These simple consequences of the special relativity have profound
implications:
Since the partons have no time to interact, each of them can be considered as ‘free’ and, in partic-
ular, having a fixed momentum fraction ‘ ’ of the proton.
If the momentum transfer is high, the virtual photon is ‘heavy’ and cannot travel far. Thus the
electron will be able to interact with a single parton only, unless the parton density is very large.
Final state interactions occur at time scales too long to interfere with the hard photon scattering.
The scattering becomes classical and incoherent and may be computed by combining probabilities
rather than amplitides. For the total cross section, the final state interactions can be dispensed off
using the completeness condition.
The overall picture that arises in this way has become known as the QCD parton model. In the parton
























is the deep inelastic cross section of the electron scattering from a (free) parton  that carries the mo-





¢ is the probability distribution to find the parton  in the nucleon with the
momentum fraction
ª





¢ is infrared divergent because of the emission
of collinear gluons. Interpretation of this divergence is rather obvious since collinear gluons require a
long time for their emission and have to be included, therefore, in the wave function of the initial parton





¢ . In order to decide which gluon is hard and which is
soft, one is forced to introduce the separation scale ¸ so that both the hard cross section and the parton
distribution are scale-dependent. The scale-dependence can be calculated in perturbation theory and is
governed by the celebrated Dokshitzer-Gribov-Lipatov-Altarelli-Parisi evolution equations that can be
found in any QCD textbook.
In order to make the connection with the operator product expansion in the previous Section one





























so that moments of the hard cross section and the parton distribution can be identified with the coeffi-
cient functions and the matrix elements of local operators. Notice that the dispersion relation technique
combined with the operator product expansion predicts moments of the deep inelastic structure function,
while the parton model allows one to calculate the structure functions themselves, in precise analogy to
the analysis of the total cross section in ÂÁ
»
annihilation. Although the two procedures are equivalent
from the practical (calculational) point of view, the parton model predictions are not protected against
possible duality violation effects, see Sect. 2.3. Technically speaking, the difference is again in the di-
rection in which the analytic continuation is performed: The predictions for the moments of structure
functions are based on the analytical continuation of the physical cross section to the unphysical Eu-
clidian region, where they are matched to the operator product expansion of the Ã -product of the two
electromagnetic currents at small distances. The parton model predictions for the structure functions
themselves are obtained by the analytic continuation of the calculations at small distances (in the un-
physical domain Ä ) to the physical cut. An interesting detail: whereas the crossing symmetry was
crucial in order that the dispersion relations work, it plays no roˆle in the parton model argumentation.
The power of the parton model is that it extends beyond the deep inelastic scattering and can be
applied to a broad variety of reactions. In particular, we can replace the electron in Fig. 17 by another
nucleon, and consider the process in which two partons belonging to the colliding nucleons annihilate
and produce a ¸ Á ¸
»
pair with a large invariant mass 
¡






Fig. 18: The deep inelastic scattering and Drell-Yan pair production in the parton model


























































®ÇÕ and Õ is the total energy.





and are the same in DIS and the Drell-Yan production. This universality is a direct consequence of the
Lorentz contraction. Indeed, without the Lorentz contraction, partons belonging to the colliding hadrons
would overlap a finite time before the hard scattering, and the initial-state interactions would modify their
distributions. What I want to demonstrate now is that the Lorentz contraction is not at all ‘selfobvious’
in a gauge field theory!3














































. For an observer in the primed system, the field is concentrated in a narrow









and has a finite tranverse extension. In other words,
the field is indeed Lorentz-contracted. This means that if such a scalar particle is approached by another
one at nearly the speed of light, they affect each other during a very short period of time, just as supposed
in the parton model.
Let us make the same exercise with the vector field (e.g. like in classical electrodynamics). The














apart from the fact that it presents a time-like component of a four-vector rather than a scalar. Because
































































, the field components in the zero and the third direction have finite extension and are not
contracted at all! The situation is saved by the observation that the force experienced by the test charge
in the primed frame is in fact proportional to the field strength rather than the vector potential itself. If
we look at the field strength transformations rather than those of the vector potential, we find a much


























































¢ so that it can be
eliminated by a suitable gauge transformation.
We conclude that factorization in a gauge theory like QCD is a nontrivial issue. The parton model
picture of the interaction is valid, at best, in a certain gauge (if we suceed to find one such that the
3The following example is taken from the book [1].
potential is Lorentz contracted). Since the gauge invariance is involved in an essential way, one has to
suspect (and this is true) that the factorization is only valid in the sum of Feynman diagrams to given
order, but not for a given diagram separately. Full-scale factorization proofs are normally rather lengthy
and have only been completed in a few cases. A few cases are known where the ‘naive’ factorization
proves to be broken, and there exist many situations where the answer is not known. In fact, this is an
active field of research.
4.3 New developments
Now that we have learnt the basic principles, I want to spend some time to discuss the directions of
current activities.
Higher orders
One main-stream theoretical activity has always been trying to extend the QCD perturbative calculations
to higher orders. Technically, this task is reduced to the evaluation of multidimensional integrals of a
special type and the most efficient (known) technique for solving such integrals uses a version of the
familiar trick called ‘integration by parts’ that has been reinvented and adapted to the present context
about 20 years ago [11]. This technique allows to calculate three-loop diagrams of two sorts: either
self-energy type (with two external lines) with massless quarks, or vacuum bubbles with massive quarks.
Physical quantities for which the 3-loop (or 4-loop) result is known are usually those that can be reduced
to the above basic integrals (the reduction may be quite nontrivial). Analytic problems are traded in this
way for algebraically extensive tasks done by computers. These ‘record’ calculations include the 4-loop
QCD Ü -function and the quark mass anomalous dimension, 
ê

corrections to the total cross section of
the ÂÁ¾
»
annihilation and DIS sum rules (47), (48).
Quantities that involve several scales (say, quark mass ß and external momentum   ) or on-shell









special kinematic limits, followed by the (approximate or exact) summation has turned out to be very
useful. Consider an example: the three-loop 
ê


























A typical contribution to the coefficient

ê
is given by the Feynman diagram in Fig. 19 where the external




. Instead, it was suggested to expand around  
¡
¤
 . In this way the diagram that originally was a self-energy type becomes a vacuum bubble, albeit
with a complicated integrand, and the standard technique can be applied. In the original paper [12] the
q
m m
Fig. 19: A three-loop contribution to the heavy-quark pole mass



















[13] was later obtained




the heavy quark production cross section in  Á 
»
-annihilation  Á 
»
 and semileptonic decay
rates of heavy quarks ¯ŁÝﬁﬀﬃﬂ , ¯ﬀﬂ , ç¯ "! . The method is rather general and more applications
will probably follow. For example, one may try to calculate #  # parton scattering amplitudes by
expanding in the ratios of the Mandelstam variables Õ ®ìç or ç ®ÇÕ , or etc.
A large amount of work is traditionally being invested in multiloop jet calculations. These pose a
different sort of challenge because the kinematics becomes complicated as the number of jets increases,
and because the calculation is done on the amplitude level. Infrared singularities either cancel in an
intricate way or are factorized into parton distributions after the no less intricate cancelations. The
next-to-leading order (NLO) calculations have become standard and many new results have appeared
in recent years:  Á 
»
 4 jets,  Á 
»
 3 jets with heavy quarks, 

  3 jets is to my knowledge
almost completed, etc. In contrast to this, the NNLO jet calculations are still at the exploratory stage and
present a new and interesting frontier. Up to now the NNLO QCD corrections are only known for Drell-





 3 jets with the same high accuracy. The task is formiddable, but progress is
being made in all directions. In particular, an analytic expression has been obtained recently [14] for the
‘double-box’ contribution to the gluon-gluon scattering and the techniques of phase-space integration
have been advanced considerably to enable taking into account four partons in the final state. (Situations
where two partons simultaneously become soft, or three become collinear, turn out to be very nontrivial.)
Many algebraic and numerical tasks are yet to be done, however, so that the completion of this project
requires concentrated effort.
For an overall consistency one also needs NNLO corrections to the DGLAP splitting functions.
The corresponding work is in progress and the approximate kernels exist already, incorporating the
known NNLO results for the evolution of a few lowest moments. It is likely, however, that the numerical







 will be minimal.
Novel factorization ‘theorems’
As already mentioned, although the concept of factorization is very general, the particular structure
depends on the process in question and has to be analysed (and proved) case by case. This is a developing
field of research, and new applications appear all the time. I will discuss (very briefly) a few recent
examples that are important for the modern phenomenology.
One interesting development is related to the HERA physics of deep inelastic scattering at small
Bjorken  and is usually referred to as hard diffractive scattering: DIS events with a large rapidity gap
between the hadron system (with invariant mass &
¡
Ó
) and the recoiling proton, see Fig. 20. The process











Fig. 20: Hard diffractive scattering

























¢ which is the momentum
fraction that the initial photon looses to the color neutral system  . Another common variable Ü is just
Ü ¤²®
µ













































where  ( *
.
is the calculable cross section of the virtual photon scattering from the parton : (the same as
in usual DIS) and © « ®  © µ © ç ¢ is called a ‘diffractive parton distribution’. It represents the probability to
find the parton : with momentum fraction
ª
under the condition that the proton stays intact and looses
the momentum fraction µ .
The physical picture of diffraction is clearest in the proton rest frame [17]. At small Bjorken 
meaning large energy, the virtual photon splits into a

 ﬃ  pair and develops a complicated partonic wave
function long before it hits the proton. The slowest, ‘wee’ partons have a possibility to fluctuate to large
transverse sizes, of hadronic scale. The diffraction occurs, because components in the wave function that
have large transverse size simultaneously have a larger cross section and get absorbed. The smaller-size
components can escape the collision but only present a part of the full (virtual) photon wave function:
Re-expanding these components over the complete set of wave functions of possible hadronic states, one
ends up with the inelastic diffraction. The diffraction cross section constitutes a finite (and large) fraction
of the total deep inelastic cross section because the short distance processes are the same in both cases.
The probability to have a gap is determined by the soft physics and decouples from the hard scale of the
process.
Hard diffraction in hadron-hadron collisions appears to be much more complicated and factoriza-
tion is not expected to hold, at least in the general case.
A particularly nice example of factorisation is provided by the deeply virtual Compton scattering










Fig. 21: Deeply virtual Compton scattering and hard diffractive meson production
the previous discussion both processes are fully exclusive, with only two particles in the final state. The
challenge of the factorization proof is in both cases to demonstrate that the final-state interactions be-
tween the outgoing particles can be neglected. In the case of the hard diffractive vector meson production
it only happens to be true (at large 
¡
) for the longitudinal polarization.
The description of both processes requires new, generalized parton distributions because the proton
is scattered with a non-zero momentum transfer and, therefore, the parton emitted with a certain momen-
tum fraction  is returned with a different momentum fraction 
ß
. These objects, dubbed ‘skewed’ (also
non-forward, off-forward etc.) parton distributions have hybrid properties, representative of that of usual
parton distributions and of light-cone distribution amplitudes in different kinematical regions. Observa-
tion of hard exclusive deep inelastic processes of this type would give many new insights in the hadron
structure and is very interesting. From the experimental point of view, such a program is very demanding
because of the necessity to have a decent value of 
¡
(i.e. large energy) and at the same time make sure
that there are no soft pions in the target proton region.
As the last example, consider exclusive < -meson decays in two (light) mesons & § and &
¡
. A









































weak phases. In a typical situation there are several terms in the r.h.s. (59) due to different reaction
mechanisms. The weak phases are CP-violating and of primary interest. Yet to determine them the strong
phases and the amplitudes must be known, unless we are so lucky that there exists a single term only, or
the experimental information is so abundant that it allows to separate the contributions of separate terms.
In this case the large mass of the  -quark sets the hard scale, but it turns out that the standard
methods do not apply because the soft (light) quark spectator in the B-meson may go into the final state
meson without participating in a hard scattering. Because of this, the required nonperturbative input
is not reduced to quark distributions in the three participating hadrons. It was suggested [20] that the
factorized expression can still be written, at the cost of adding an additional contribution written in terms

















































where Ã § and Ã
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¢ are the (nonperturbative) distri-






¤Ç¢ is the form factor which is not supposed
to be further factorized. The two contributions to the factorization formula (60) are shown schematically









Fig. 22: QCD factorization in exclusive B-decays
contributions has to be scale-dependent itself and the corresponding renormalization-group treatment is
so far missing. The potential of this approach is high; since the participating nonperturbative quantities
can (at least in principle) be measured or calculated on the lattice, the strong phases and the amplitudes
turn out to be completely predicted, at least in the formal ßMLï ø limit. Whether the predictions are
accurate enough at the realistic ßML scale, remains to be seen.
5 RESUMMATIONS
It often happens that perturbative contributions of a certain type have to be summed to all orders in
perturbation theory because they are enhanced by kinematical factors. The clearest example — on which
the problem was initially formulated by Gell-Mann and Low and solved by Landau and collaborators —















where  ¤ í ® í U
Û Û Û
is the fine structure constant and ß  is the electron mass. The photon propagator,





































that grows logarithmically with  
¡









and in general higher-order corrections are accompanied by the ever increasing powers of the logarithm.
As the result, for the sufficienly large  
¡
the perturbative expansion does not work. The solution to this
problem is well known nowadays: In order to avoid the accumulation of logarithms in high orders of


















The photon polarization operator N   
¡
¢ is expressed in terms of  ORQ)S   
¡
¢ as a regular perturbative series





¢ or a derivative in  
¡
). In QCD, such a procedure is standard and is considered as ‘self-obvious’:
E.g. the total cross section of  Á 
»
annihilation at the energy Õô¤_ 
¡
is expressed in terms of    
¡
¢
‘because there exists no other scale’.
In general, one speaks of a resummation, when perturbative contributions of some type are en-
hanced by a certain kinematical factor (typically a logarithm or a double-logarithm of the ratio of the
contributing disparate scales) and have to be summed to all orders in perturbation theory. Technically



























































¢ . The task of the resummation is to calculate the first
few (infinite) sums in the r.h.s exactly. The leading-order resummation amounts to taking into account
contributions with the maximum number of logarithms for each power of the coupling (there is often
more than one logarithm for each power of  ), the next-to-leading-order resummation corresponds to
taking into account the terms with one logarithm less, etc.
Although the idea of the resummation is very general, there exists no general solution which
reflects the fact that the physics of kinematical enhancements can be very different. In fact, there exists a
large variety of applications and we will consider several of them in what follows. Working out specific
resummation formulas is often technical and belongs to the most challenging problems that the theorists
have to deal with.
5.1 Coulomb corrections
As the first example, consider top-quark production in the  Á 
»





çèçc . The explicit calculation of the first-order QCD correction corresponding to the gluon
exchange between the ç and

ç reveals a large enhancement factor í ®d where dä¤
÷
®ìßMe is the classical












e . The reason for this enhancement is easy to understand. The top quark and the
antiquark are produced at one point and move very slowly. In fact, they decay before the distance be-
tween them becomes comparable to the strong interaction scale g . This is a good news since it indicates
that perturbative QCD may be applicable. At the same time, however, since the quarks spend a long time
in the vicinity of each other, contribution of the gluon exchange is enhanced as it can occur any time. For
the same reason, taking into account a single gluon exchange is not enough and one has to sum up the
series of ladder-type diagrams (in the Coulomb gauge) shown in Fig. fig:4-23. Luckily enough, the solu-
*γ  , Z
t
t




annihilation near the energy threshold. The dashed lines correspond to instantaneous
Coulomb-like gluon exchanges.
tion is known from quantum mechanics (to leading order) since it corresponds to solving the Schro¨dinger








 ¢ created by
the (anti)quark. Neglecting all relativistic corrections, the cross section is given by the imaginary part
of the nonrelativistic Green function corresponding to the propagation of a charged particle with the re-
duced mass ßMe ®# in the static Coulomb field, starting from and ending at the origin of the field in the


































ne is the total top quark width. The explicit expression for the Green function in dimensional regulariza-











































d¢ is the so-called Coulomb parameter,
t

¢ is the logarith-
mic derivative of the n -function and
åRs
is Euler constant. The cross section requires only the disconti-
nuity of
l






 from which the energies and wave functions at the origin of toponium resonances
can be extracted. It follows that the expression in (66) effectively organizes all corrections in the ‘naive’
perturbative expansion that are enhanced by inverse powers of the quark velocity.
A generalization of this result to the subleading powers of í ®d has proven to be much more com-
plicated. The phenomenologically interesting interval of energies is the interval in which the ç

ç cross
section deviates considerably from the background as the consequence of the color attraction. This hap-
pens when
÷







or, which is the same, dôñ  . Disregarding possible logarithms, we can envisage a generic

































in which the first term corresponds to the leading-order resummation and is given by the solution of the
nonrelativistic Schro¨dinger equation in (66); the terms suppressed by either one power of  or one power
of velocity both have to be resummed in NLO, etc. This expansion has recently been made systematic
by finding essential integration regions and formulating a non-relativistic effective field theory for each
of them. The difficulty of the problem is that the physics appears to be different at scales of order
ßMe , ßMezd and ßMed
¡
corresponding to the top quark mass, momentum and energy, respectively. Without
going into details I want to mention that, as it turns out, integrations over the quark and gluon momenta
have to be separated in contributions of different regions, called ‘hard’ (h), ‘soft’ (s), ‘potential’ (p) and
‘ultrasoft’(u) [gluons only]. The idea of an effective field theory is nothing but a yet another language
to introduce factorization. The so-called non-relativistic QCD Lagrangian (NRQCD) is designed to take


























Fig. 24: The total normalized {K|{ cross section (virtual photon contribution only) in the threshold region at leading order (dotted),







 GeV,  ~  Ł GeV and xy } } 
G as input. The three curves for each case refer to the










y0 GeV " GeV, the pole mass } ~z  y¡¢ £ "  GeV. The upper panel shows the successive approximations
in the PS mass scheme, the lower panel in the pole mass scheme.
into account the effects at the scales less than the factorization scale ¸ that is supposed to be chosen in

































The difference between the QCD and the NRQCD Lagrangian is that contributions of hard quarks and
gluons are omitted from the latter; they have to be included in the (calculable) coefficient functions that
relate the observables calculated using NRQCD with those in the real world (QCD). It turns out that
using NRQCD is not enough for the systematic expansion of the top production cross section and one
more step is necessary, introducing the so-called ‘Potential NRQCD’ Lagrangian in order to separate the




































Using this framework, it has become possible to resum the Coulomb corrections to the top quark pro-
duction cross section to the NNLO accuracy. The results are shown in Fig. 24. The two calculations in
the upper and in the lower panel differ by the definition of the top quark mass. We will come back to this
issue later, in the discussion of nonperturbative corrections. The main outcome of these calculations is
that although the normalization of the cross section receives large corrections, the position of the peak
can be predicted rather precisely — within ñG#ÇÇ MeV. Hence the mass of the top quark can be measured
with a comparable accuracy.
A one more application of the same formalism has been the determination of the  -quark mass























i GeV and has a much better accuracy compared to all other existing determinations.
5.2 Sudakov effects
In a typical event in  Á 
»
-annihilation two narrow jets are produced, with the invariant mass much






































Æ are defined as total invariant masses
flowing into the right and the left hemispheres with respect to the thrust axis. The solid and the dashed curves correspond to
theoretical calculation with and without taking into account nonperturbative effects, respectively [24].
to gluon emission and a large invariant mass requires emission of a sufficiently energetic gluon at a large
angle. Since such processes are rare — we remember that the gluon bremsstrahlung mainly involves soft
and collinear emission that does not alter the jet mass considerably — the rise of the jet mass distribution





Ç and at yet smaller masses is replaced by a sharp drop. This is the region that I want to
discuss in this section. The jets, apparently, do not want to be too narrow. Why?
In order to enforce a small value of the jet mass one has to constrain gluon radiation. Classically,
the probability to have a pencil-like jet is equal to the probability that not a single gluon is emitted. The








is the probability of gluon emission (in unit time). Solving this equation, one ends up with a








The crucial condition for the exponential decay (in general) is that the decay probability
Ë
has to be
independent on the ‘history’ of the process — in our case we would have to require that the probability
to emit a gluon at time ç ¹ is independent on how many gluons (and with which momenta) have already
been emitted at times ç v ç ¹ . In fact, this is exactly the statement of the so-called Low theorem, that is
applicable to emission of soft gluons (and photons). The reason for the Low theorem to hold is that soft
gluons cannot resolve the internal structure of the jet; soft gluons only ‘see’ the total color charge of the
jet as a whole (and the jet direction) but not the charge distribution among the jet parton constituents. It
follows that the condition for the exponential pencil-like jet decay is indeed satisfied in QCD in so far as





























Note the exponentiation which is the consequence of independent gluon emission, and the double log-
arithm that is the same as in (21) with the jet mass replacing the gluon mass as the infrared regulator.
Expanding the exponential, one obtains a ‘regular’ perturbative series in which each power of the QCD








¶ . The expression in (72)
corresponds to the leading-order resummation with the maximum amount of logarithms kept to each
order of perturbation theory.
The resummation of this type was invented long time ago by Sudakov [25] who studied the elec-
tron form factor in QED. The latter case is extremely beautiful, since it turns out that the leading order
resummation is exact — there exist no further corrections! In QCD, the situation is much more com-
plicated and a lot of work was invested (and is being invested) to make the corresponding calculations
systematic.
The Sudakov-type resummations of threshold corrections in QCD are well known to the next-to-
leading order accuracy for Drell-Yan pair production and event shapes in  Á
»
-annihilation. In the last
years, the similar NLO resummations have been worked out for more complicated reactions involving
#ùÑ# scattering processes at the parton level (heavy quark production (    , ç

ç ), prompt photons, dijets,
. . . ). These cases are more complicated, because soft gluons transfer color to the final state so that one
has to deal with the anomalous dimension matrix. Also, there exist more kinematical variables: The
scattering angle or relative rapidity of the two final state particles.
The practical outcome of these (complicated) calculations so far has been relatively modest. The









 ) are typically small, well within the NLO QCD correction. The resummation
does lead to a significant reduction of the scale-dependence, but whether this can be interpreted as the
reduction of the theoretical uncertainity, is not obvious. A general problem seems to be that at present
energies the effects of resummation become significant too close to the kinematic thresholds, where non-
perturbative corrections are already important. This can already be seen from Fig. 25: the perturbative
Sudakov suppression ‘switches on’ much too late, and the description of the jet mass distribution at small
values of ´ requires a large nonperturbative (hadronization) correction.
5.3 BFKL equation and the Regge limit
The most important result of HERA was the finding that the deep inelastic structure functions strongly
increase in the region of small Bjorken  , see Fig. 26. As seen from the data, the  -dependence appar-
ently becomes more steep at larger values of 
¡
. Let us see whether we can understand this. In the
parton model picture, a large structure function has to reflect a large parton distribution and it is easy
to convince oneself that at small  the gluon distribution is the one that is most important. Moreover,
the 
¡
dependence of the structure function can largely be traced to the scale dependence of the parton





. In this way, the cross section of virtual photon scattering (cf. (49)) is expanded
in powers of   ï¢ and does not contain any logarithms so that it is a very slow function. Hence, it is


















 as a function of × for fixed values of Ø
C
[26]. The solid lines indicate the fit to the data.
Also shown are some popular parametrizations. The Ø
C
values are given in GeV
C
.
by the famous DGLAP equation which I have already mentioned in Sect. 4.1 but so far never written
explicitly. For simplicity, let us neglect quark contributions altogether. In this case the DGLAP evolution































   ¢ is the probability of gluon splitting into a pair of gluons, with
ª being
the longitudinal momentum fraction of the initial gluon carried on to the gluon in the final state. The
huge popularity of the DGLAP equation is due to the simplicity of its interpretation. The equation (73)
describes the dependence of the gluon density distribution in the nucleon on the resolution (scale) with
which it is measured. Going over to higher values of 
¡
corresponds to using a better microscope so












¹ , we may find that what originally appeared to be a gluon with







. Obviously,  § 
¡
v
 so that increasing the resolution we see more gluons with smaller
momentum fractions and less gluons with larger momentum fractions — the gluon density at large 
¡
is
shifted towards small  values.






























where the appearance of í ®
ª
can easily be traced to the í ®ì factor in the expression for the gluon



















































¹ is not large. As a first guess, assume that the
gluon density «
4
at the lower scale 
¡






¢ ¤ const. In this case the integration





















Note the í ®ì factor. It means that once gluon radiation is allowed, the gluon density cannot stay flat and



















a clever one: If 
¡
¹ is not very small so that we already ‘see’ a few gluons, their distribution, most






¢Þ¤ const ®ì ,






¢ ¤ const. With this new ansatz, performing the integration in (75) and














































Solution of the differential equation (73) is nothing but the repetition of the finite-difference equa-
















. On each step one gets a QCD
coupling accompanied by the logarithms as in Eq. (78), so that the final result presents the resumma-






®ì¾¢0Û corrections to the so-called double-logarithmic accuracy. In fact, one can do
somewhat better, taking into account that the QCD coupling always enters at the relevant scale and is



























#Ç®ÜÞÝ is the first coefficient of the QCD Ü -function. Note that this behavior corresponds





¢ is calculated to the leading order in 




¢ that are not singular at
ª
  are neglected.
The trouble is that higher-order contributions to the DGLAP splitting function appear to be en-
























































 . Note that there remains to be a single overall factor í ®ì , but








is essentially accidental). The expansion written in (80) corresponds to the leading logarithmic approxi-
mation in   
ü þ
¾¢0Û meaning that the corrections with less logarithms are neglected.
The resummation of leading logarithmic corrections  
ü þ
¢
Û to the splitting function is accom-
plished using the so-called BFKL equation [28, 29]. In both cases (DGLAP and BFKL), one deals
with the same ladder-type Feynman diagrams for the gluon emission as the one shown schematically
in Fig. 27, and the challenge is to calculate the contributions with arbitrary many emitted gluons (in-
cluding the necessary virtual corrections, of course). In both cases, this is achieved using the same
Fig. 27: Multiple gluon emission
general scheme: summation over the contributions of many gluons is reformulated as a certain integro-
differential equation, and the kernel in this equation takes into account a single gluon emission to some

















so that for each piece a finite-difference approximation for the
derivative can be used. This, of course, exactly corresponds to taking into account gluon emission one
by one. As we discussed in Sect. 3.2, the scale parameter 
¡
roughly corresponds to the transverse mo-
mentum of the emitted gluon so that the procedure incorporated in the DGLAP equation is to enforce the
condition that gluon transverse momenta are strictly ordered along the ladder. This does not mean that
‘wrongly’ ordered configurations are discarded, but rather that they are taken into account as higher-order
corrections to the splitting functions. Hence, in principle, the DGLAP equation incorporates all correc-
tions, but if by some reason ‘wrongly ordered’ configurations give a large contribution, this equation is
not adequate in a sense that one is required to calculate the splitting functions to all orders.







®ì , the dominant kinematic region
corresponds to the emission of gluons that are strictly ordered in rapidity ( ñ
ü þ
í
®ì ) but not ordered in




for an evolution parameter and higher-order corrections to the (new) evolution kernels take into account
corrections related to the ‘wrong’ ordering in rapidity. This equation was invented by Kuraev, Fadin
and Lipatov [28] and further elaborated in a somewhat later work by Balitsky and Lipatov [29] where it
was shown that giving up the ordering in the transverse momenta does not produce any nasty infrared
singularities.
The solution of the BFKL equation with the kernel calculated to lowest order corresponds to the
resummation of   
ü þ













indicating an even steeper increase at small  compared to the DGLAP double-logaritmic limit (79).
The next-to-leading order corrections to the BFKL kernel have been calculated only recently [30].
They correspond to the NLO resummation — corrections to (80) with one power of the logarithm less















There have been a lot of recent works trying to ‘tame’ this huge correction by some well (or not so well)
motivated partial resummations beyond NLO. The overall impression is that this is indeed possible, by
summing collinear double logarithms to all orders, taking into account the running coupling effects etc.
After such massaging, one can achieve that the energy conservation is strictly maintained, the resummed
anomalous dimension appears to be close to the exact DGLAP one for not small  , and reasonable
bounds on the power in (81) can be established. One probably still needs time to get a coherent picture,
however.
In these lectures, I do not want to enter a discussion of whether the DGLAP or the BFKL evolution
is better suited for the description of the HERA data, since to my (heretic) opinion this question is not
that interesting. Far more appealing about the BFKL equation is that it offers the first insight on a general
problem of the high-energy behavior of cross sections in QCD.
The basic formalism for the description of high energy behavior of amplitudes was invented by
Regge and developed in works of Gribov, Mandelstam, Pomeranchuk etc. The rough idea is the follow-
ing. Since amplitudes at high energies involve summation over contributions over many partial waves,
the summation can be approximated by the integration. Under favourable circumstances, the integration
over real angular momenta (alternatively, one may speak of the summation of contributions of hadron
resonnaces in the Õ -channel) can be shifted to the complex plane. In this way, it can be shown that
high-energy behavior of cross sections is determined by singularities of the scattering amplitude in the
complex angular momentum plane. These are called Regge singularities, or Regge poles (if they are
poles). In the early days of the Regge theory, there was a hope that the structure of singularities in the
complex angular momentum plane is relatively simple — compared to the incredible variety of hadron
resonances that were found in experiments just around this time. In the Regge picture, the sum over all
Õ -channel resonances can be substituted (in the sense of analytic continuation) by an exchange of a single
funny object with complex spin in the ç -channel, called the reggeon. Reggeons have quantum numbers
and in many respects behave like particles. The pomeron (named after I.Pomeranchuk) is nothing but the
particular reggeon that mediates high-energy scattering of two particles without the change of quantum
numbers in the ç -channel so that it has itself the quantum numbers of the vacuum.
It has been shown that many properties of high-energy amplitudes and of reggeons in particular
do not depend on the underlying field theory and can be derived using unitarity and analyticity only —





Fig. 28: Substitution of the sum over Ä -channel intermediate states by the reggeon exchange. The ‘bubble-line’ denotes the
reggeon
the picture of the Reggeon exchange is by itself not complete: one has to take into account contributions
of several reggeon exchanges (so-called Reggeon cuts) and reggeon interactions. It follows that any field
theory in the Regge limit will effectively be reduced to the reggeon field theory (rather than quantum
mechanics, e.g.). As the result, chances for the simplicity of the Regge description appear to be slim.
Fig. 29: Reggeon diagrams
In the Regge theory language the BFKL result is interpreted (in fact this was the original inter-
pretation) as the explicit construction of the pomeron in QCD perturbation theory. The next step: the
theory of interacting pomerons (interacting gluon ladders) still presents an open problem (and we do not
in fact know whether the BFKL construction presents a good starting approximation). This problem is
very challenging and at the same time one of the most interesting, corresponding to ‘new physics’ that
arises in QCD at small coupling and large parton densities.
To explain this, remember that one of the assumptions of the parton model was that the parton
density in the nucleon is not ‘too high’ so that the virtual ‘heavy’ photon can only interact with one








®Ç . If 
¡
is kept fixed and the energy increases, so does the number of
partons which the virtual photon can interact with. At some energy this number becomes so large that
the partons occupy the whole proton disc area and start to overlap. Once it happens, the picture of the
interaction changes since the virtual photon is able to interact coherently with the overlapping partons.
This is precisely what happens in a deep inelastic scattering on a large nucleus and is responsible for the
deviation of the structure function of a nucleus compared to that of a free nucleon. In the Regge theory
language, effects of parton screening correspond to the contributions of the type shown in Fig. 29. They
are expected to be very important in high energy nucleus-nucleus collisions that will be observed and
investigated in much detail in the coming decade. As a consequence, it is easy to predict that the high
energy behavior of cross sections in QCD is going to remain to be a hot frontier.
Several theoretical approaches are currently being developed. It was shown [31] that the ‘quantum
mechanics’ of pomerons that includes interactions between gluon ladders but not their splitting (i.e. the
first diagram in Fig. 29 but not the second one) has a highly nontrivial hidden symmetry and a large
number of conservation laws. It is mathematically equivalent to the quantum mechanics of the so-called
completely integrable Heisenberg spin chains so that the same methods can be used for the solution.
The approach involves very elegant (and powerful) mathematics but so far the practical outcome was
rather limited. The second idea [32] that has been around for some time, is to formulate the theory
of interacting gluon ladders as an effective field theory in which the BFKL solution would correspond
to the Born approximation. This is indeed possible to do, but the corresponding theory appears to be
prohibitively complicated. In a more pragmatic approach, several models of high-energy behavior have
been suggested that incorporate the BFKL solution (e.g. the color-dipole model [33]). Finally, there
exists an interesting suggestion by McLerran and Venugopalan [34] that high energy scattering of two
large nuclei may be dominated by production of a strong classical color field and may be easier to
describe compared to the nucleon-nucleon collisions, see [6] for a review and the comparison with the
more conventional approaches.
5.4 Particle spectra at low  in ÂÁ¾
»
-annihilation
As we have just seen, the total gluon multiplicity in the nucleon is infinite, as reflected by the rapid
increase of the gluon parton density at small  due to multiple emission of soft gluons. This implies,
in particular, that the total multiplicity of gluons (hadrons) produced in a deep inelastic scattering is not
infrared safe — it is formally infinite in perturbation theory, which means in practice that it cannot be
calculated. At first sight, the situation with particle multiplicity in  Á 
»
annihilation has to be the same,
since both processes are similarly affected by the soft gluon radiation. We will find, however, that the
structure of the corrections enhanced by extra powers of
ü þ
í
®ì turns out to be very different and the
situation is changed drastically compared to DIS. The presentation in this section essentially follows a
















The total inclusive cross section for the production of hadrons of type § in  Á 
»
annihilation at


























Õ is the fraction of energy of the virtual photon (in c.m. frame) transferred to the



























In the lowest order in QCD the coefficient function ç
4














¢ are called fragmentation functions and their scale dependence is given by the




































in DIS and fragmentation, although the higher-order terms are different. The effect of the splitting is in
both cases to shift (at higher scales) the  distributions towards lower values. In particular, the X  X
splitting function at small  values is given by Eq. (74). As a consequence, repeating the same simple
calculation (75), (76) which yielded the conclusion that the average number of gluons in a proton is
infinite (in QCD perturbation theory) (77), we conclude that the multiplicity of hadrons of type § in a jet

















is infinite as well.
Similar to the DIS case, the higher-order contributions to the DGLAP splitting function in  Á¾
»
annihilation appear to be enhanced by powers of
ü þ
í
®ì , but here the similarity ends because the structure






























This expansion is known to all orders [35] and the result can be presented in a compact form as the











































the series in (87).
Comparing (87) and (80) we see two differences: First, each power of  in (87) is accompanied
by two powers of
ü þ
 instead of one, and, second, the series has become sign-alternating. The latter
turns out to be crucial. As we have seen, the resummation of
ü þ
 corrections in deep inelastic scattering
enhances the rise of the gluon density which acquires the factor (79) or (81) in addition to an overall
í
®ì behavior. In contrast to this, the resummation of
ü þ
 corrections in  Á 
»
annihilation leads to a
suppression of soft gluon emission so that their distribution becomes less singular.






































































































































































, see [3]. Both predic-


































annihilation (upper panel) and their distribution over ï%ðòñó Ã ×
(lower panel) [3]
6 NONPERTURBATIVE EFFECTS IN HARD PROCESSES
Nonperturbative effects in QCD have two aspects. In soft processes they are dominating. There ex-
ist many theoretical phenomena (confinement, chiral symmetry breaking etc.) that cannot be explained
in perturbation theory and these phenomena are responsible for the hadron spectrum, parton distribu-
tions and fragmentation functions at low scales etc. On the other hand, nonperturbative effects in hard
processes correspond to relatively small corrections to the perturbative predictions. A nonperturbative


















¢ . The first way of writing
emphasizes the fact that such correction cannot be obtained by perturbative expansion in the QCD cou-
pling at the hard scale, while the second expression illustrates that such corrections are suppressed by
powers of the large momentum.
One rationale for the study of nonperturbative power-suppressed (higher-twist) corrections to hard
processes is, therefore, to quantify the accuracy of perturbative predictions. This is needed for precision
tests of QCD and, more interestingly, making sure that the signals of electroweak or ‘new’ physics that is
happening at very small distances are not lost in the strong interaction background. In this context, one
is looking for nonperturbative corrections in order to minimize their influence.
Another motivation is that the hard momentum typically provides one with a ‘handle’ that allows
to separate nonperturbative effects of different origin and make the problem simpler. From the celebrated
successes of the perturbative description of hard processes we have learnt that hadrons at small distances
are built of quarks and gluons, while studies of higher-twist corrections allow one to ask the next question:
How are they built?
6.1 Short-distance expansion
Our task in this Section is, essentially, to find out the precise meaning of the statement ‘calculable’ that
was used throughout the text. It is natural to start with the simplest example which is the duality sum rule
for the photon polarization operator in Eq. (4). I have claimed that the l.h.s. of the sum rule is dominated
by contributions of small distances and is calculable. But what does it really mean ‘calculable’? The
simplest interpretation might be that the corresponding perturbative calculation gives a finite result, free
of infrared divergences. In this sense, a ‘calculable’ quantity is the one which is infrared safe. This is
a bad definition, however, since it is not clear why a finite perturbative result is necessarily correct. In
order to clarify this point we have to look ‘inside’ a perturbative calculation in some more detail.

























and N ¹ stands for an overall constant which is not important for what follows. The

 correction in (95) corresponds to the contribution of the three Feynman diagrams shown in Fig. 32.




Fig. 32: The leading QCD correction to the correlation function of two electromagnetic currents




































































(see the first Figure in Fig. 32) and it is assumed that all other propagators, vertices
and other factors are included in the function «  Ï  ¢ . The color indices are not shown for simplicity of
notation.
We suspect that the ‘true’ gluon Green function can differ from the expression in (96) by some



























¾¢ refers to the expression in (96) (and includes further  corrections) while l ã  ã  ¶ÏYW  ¢
stands for ‘the rest’. We assume (at least this is the standard wisdom) that nonperturbative effects occur
at large distances. In fact, the words ‘large distance’ are rather confusing for the following reason. A
proton is certainly a large object but it can contain a small-distance substructure as well. A very naive
example: let the proton be a ball with radius ñ í fm and a sharp boundary. Then its radius, mass,
magnetic moment etc. are ‘long distance’ and nonperturbative, but e.g. the width of the boundary (if it is
small) is ‘short’ and should be calculable! If you wish, this is a way to argue that the real proton does not
have a sharp boundary — we do not find anything that could justify this in perturbation theory. To say
this a bit more accurately — what matters is not the bare size but the structure: perturbative (predictable)
phenomena correspond to small-scale substructures that can be created by the exchange of gluons with
a short wave-length (high frequency) and nonperturbative (complicated) phenomena are due to gluons
with a large wave-length (low frequency).
If we accept this, it follows that the nonperturbative contribution to the Green function of a gluon
in (98) is related to the contribution of the slowly varying gluon fields and, therefore, by itself is a slowly
varying function of the distance. Since, on the other hand, the integral in (97) is dominated by the
integration region of small  Ð¾ñ í ®Ì   , we should not make a big error by replacing l  ¾¢ under the




































The remaining integral can be done while l  õ¤ Ç¢ , by definition, presents a vacuum expectation value
















Since N   
¡
¢ carries no dimension, and since û¶Ì
ò
¡
 ß has dimension GeV
¡
(because any vector field




therefore, must be proportional to í ® 
¡
since there is no other dimensionful parameter. Without making
any calculation, we can conclude that a potential nonperturbative correction to the polarization operator
coming from ‘softly varying’ color fields has to be

suppresssed as í ® 
¡
at large energies;
proportional to the vacuum average of the gluon field squared.





gauge invariance (spontaneously) so that, roughly speaking, the vacuum would become ‘colored’. We
know that this does not happen (from experiment) and, therefore, û¶Ì ò
¡
 ß¥¤ . As a consequence, there
cannot be any nonperturbative correction of order í ® 
¡
to the polarization operator.









































































etc. Note that each power of  translates to the inverse power of energy í ®  by
dimension counting so that the series is well converging (at large energies). On the other hand, derivatives
of the Green function at ¤  correspond to vacuum matrix elements of local operators built of two
gluon fields and their derivatives. All what we have to do is to find out the operator of the lowest




— the square of the gluon field-strength tensor — the one that appears in the QCD
Lagrangian. It has dimension GeV

and, therefore, the corresponding nonperturbative correction to the
polarization operator has to be suppressed as í ® 

. The only thing that remains to be calculated is the










































To summarize, we made two assumptions: a) nonperturbative corrections are related to slowly
varying color fields and b) QCD gauge invariance is not broken. We then used the fact that the polariza-
tion operator at large and negative  
¡
is dominated by contributions of small distances and arrived to the
conclusion that possible nonperturbative corrections to the polarisation operator (alias to the sum rule (4))
are given by a power series in í ® 
¡
in terms of vacuum matrix elements of gauge-invariant local opera-
tors (vacuum condensates). The coefficients in front of these operators can be calculated (in perturbation
theory) while the vacuum condensates have to be taken as nonperturbative parameters. The premium is








in the description of many physical processes; we can therefore sacrifice one measurement in order to
extract the value of the condensate and use this value in order to refine the QCD predictions in other














with, probably, 50% error.
The construction is general and works in precisely the same way in all cases where one can reduce
the problem to a short-distance expansion (using dispersion relations). The only thing that varies is the set
of contributing operators, their dimension (and, hence, the power of the power correction) and, of course,
the coefficients. To give another example, the leading nonperturbative correction to the Gross-Llewellyn



















































The value of ûû






Unfortunately, there is a subtlety that makes improvement of the QCD predictions by adding
power corrections difficult in practice. The difficulty is related to the fact that the distinction between
perturbative and nonperturbative contributions in (98) cannot be made rigorous. The reason for this will
be explained in the next Section. For now, note that the derivation that I have sketched above never
uses a ‘nonperturbative’ nature of a power correction, but rather is based on the observation that they are
related to low frequency fluctuations of the color field. The contribution of low frequency fluctuations
(perturbative or nonperturbative alike) to a short-distance dominated observable corresponds to a power
correction and can be encoded in the matrix element of a certain local operator. This implies that the
only possible way to understand the separation made in (98) is to define nonperturbative contributions




¸ , and therefore introduce the
separation scale. The perturbative contribution is then defined as the contribution of high frequencies

 
2$ ¸ and, in order to avoid the double counting, one has to make this cutoff in the gluon propagator
(96) explicitly.
As the result, the propagator becomes scale-dependent and so does the perturbative QCD predic-
tion. On the other hand, the ‘nonperturbative’ contribution now depends on ¸ as well, and the dependence
on ¸ has to cancel in the final result. Take the Gross-Llewellyn sum rule as an example. Since the non-
perturbative contribution is proportional to í ®Ç
¡
, the only way such a cancelation can take place is if the
modification of the perturbative contribution is of the order of ñ í ®Ç
¡
as well, and in such a case it has
to be proportional to ¸
¡











































terms that depend on ¸ at most logarithmically  (106)
with the same constant Ý as in (105).
The trouble is that making calculations with an explicit momentum cutoff is very difficult in prac-
tice (if one goes beyond the leading order). The worst of all is that the cutoff procedure used to ‘correct’
the perturbation theory has to be exactly the same as the one used in the nonperturbative calculation
of the matrix element (e.g. on the lattice) and since the techniques of perturbative and nonperturbative
calculations are in many respect ‘orthogonal‘ to each other, using the same cutoff (regularization) can be
very inconvenient.
6.2 . . . and beyond
In more complicated situations, one can turn things around and use the scale separation dependence
of power corrections to estimate their magnitude. The approach has become known as the renormalon
model of power corrections for historical reasons, and also because the necessary calculations are most
easily done using the same (renormalon-related) techniques. The idea is, however, very simple and
presents a straightforward extension of the standard practice to estimate the uncertainty of perturbative
QCD predictions by their scale- and scheme-dependence.
Let us remind ourselves how it actually works. Any ‘honest’ perturbative calculation involves the
‘bare’ coupling normalized at a certain scale ¸ that serves as an ultraviolet cutoff. The leading-order
correction to, say, the total cross section of ÂÁ¾
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It depends on the scale ¸ inasmuch as   ¸ ¢ does. We know that this dependence is spurious and is
canceled by contributions of higher orders. In particular, if the calculation is extended to the second








































(for ÜÞÝ ¤  light flavors). If the scale is shifted from ¸ to ¸ § , the coefficient in front of   ®T ¢
¡
is











and this correction is exactly compensated by the change of the













































a) does not need to be calculated — it is easily guessed from the known ñ  term and b) is in fact spu-
rious since its only roˆle is to cancel the scale dependence of the coupling to the lowest order correction;
it disappears if the scale it chosen to be ¸ ¤  .








. This constant cannot be guessed, it has to be calculated (and this is a hard work!). The question is
whether one can, nevertheless, get a crude idea of how big this constant might be, and thus estimate an
accuracy of the first-order result in (107) without doing the full two-loop calculation?
The standard procedure to estimate the accuracy of the existing perturbative prediction is by the
uncertainty that is generated when the scale is taken within the interval of factor several times the hard
scale  . As we see from the above example, this dependence is in fact spurious and is canceled by
the parts of higher-order contributions that are known without calculation. It has therefore no meaning
by itself. Rather, an implicit assumption is being made (but kept secret, mostly) that the uncalculated
contributions of higher orders of perturbation theory are of the same order of magnitude as the coeffcients
in front of the spurious logarithms which are there to cancel the scale dependence. This is indeed true









It is easy to see that the same logic can be extended to obtain semiquantitative estimates of power
corrections, the only difference being that the scale-dependence is power-like in this case. The scale-
dependence of the subtracted perturbative contribution in (105) is a pure artefact of the scale separation
and it has to cancel in the end. However, following the same logic, it is natural to assume that the true
‘physical’ contribution to the matrix element in the nonperturbative correction has to be of the same
order of magnitude as the coefficient in front of the spurious ñ ¸
¡
term (106). Since this coefficient
refers to the low-momentum contributions in Feynman diagrams, it can be calculated order by order in
perturbation theory (in    ¸ ¢ ) and in this way a crude estimate of the expected nonperturbative effects
can be done.
In the case of the GLS sum rule the corresponding estimates indicate that the nonperturbative
correction is expected to be as big as the ñ¬
ê

perturbative contribution, in agreement with model cal-
culations. Much more interestingly, the same idea can be applied to estimate nonperturbative corrections
to any infrared safe observable since it only relies on Feynman diagrams.
One useful application has been to the structure functions of deep inelastic scattering. In this case
































¾¢ . To this end, remember that the perturbative result for F
¡

¾ ï¢ is given by the
convolution of the coefficient function and the parton distribution, see (49). Perturbative corrections to
the coefficient function can be calculated and the contributions of small momenta subtracted, resulting







































where  stands for the convolution and I have only shown the quark contribution, for simplicity. The




























































for any test function
ç

¾¢ . We see that in order to cancel the quadratic scale dependence the function ç  ¾¸ ¢ has to behave


































where g is a dimensionful constant of order g O¦¥ﬃS that cannot be fixed without additional assumptions.













Fig. 33: Relative twist-4 contribution  yA×° defined in Eq. (113) to the proton (deuteron) structure function Ö
C
yA×¼ (normaliza-
tion is adjusted) compared to the proton (filled circles) and deuteron (empty circles) data [39].
In more complicated situations not only the shape but also the power of the power correction is
unknown and can be guessed using the same method. As an example, consider the so-called event shape
observables in  Á 
»
annihilation. They are usually defined to be zero at tree level and therefore related





X to leading order. The average value of a given event






























¢ is the particular event shape function. It can be argued that the leading power correction — in this
case ñ í ®Ç — arises neither from emission of collinear partons, nor from soft quarks, but only from










for the gluon, this implies
that the only relevant integration region is 
ê







¤# . Therefore, the gluon



















































í there is a potential logarithmic singularity.








(8) is given by the expres-




. This cross section is infrared divergent so that we had to introduce a gluon
mass to make it finite. In the total cross section this divergence is canceled against a similar divergence







. In event shapes, a finite result is achieved differently, by
requiring that the event shape function   
.
¢ is constructed such that it vanishes when the gluon momen-
tum goes to zero. The generic situation with the commonly used infrared-safe event shapes is that the








. It is easy to see that this property implies
a contribution of order ¸ ®Ç to the integral in (114) from gluons with energy less than ¸ unless there is
some cancelation. By implication, one has to expect nonperturbative power corrections of order í ®Ç to
the event shapes since a perturbative calculation for small gluon momenta is illegal.
Linear nonperturbative power corrections are indeed observed for most of the event shape observ-
ables, see Fig. 34 for an example.
The last example that I want to consider concerns the quark masses. Since quarks are not observed
in nature, their masses generally have to be considered as parameters in the QCD Lagrangian, on par with
the strong coupling. Because the coupling is conventionally defined using dimensional regularization, it








¢ and fixing their values at a certain reference scale. This is indeed the procedure used to deal
with light quarks   ¤
©
 Õ and also heavy quarks provided the hard scale in the process is larger than
or of order of the quark mass. On the other hand, using oqp heavy quark masses is not convenient in
processes where the hard scale is significantly smaller than the mass of the quark itself. The reason for


















is physically irrelevant at ¸ f ßML because it is derived by assuming that ¸ is the ultraviolet cutoff and
thus the largest scale. (There is, formally, nothing wrong with taking ¸ f ßML in Eq. (117). How-
ever, in calculations of physical observables, e.g. heavy quark decay rates, we obtain large perturbative
corrections in higher orders in this case, because unphysical, large logarithms are generated.)
On the other hand, at small scales ¸ f ßML the heavy quark interacts with gluons through the





















®ì¸ so that the dependence of the mass parameter on ¸







¸ ¢¥ñÍ¸  (118)
see Fig. 35 for an illustration. The quantity ß  Ç¢ would correspond to a ‘physical’ quark mass if it
existed and in this case would be defined as the location of the pole in the ‘exact’ quark propagator. In
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. [40] Dotted line: second-order perturbation theory with scale   Ø . Solid line: second-order perturbation theory with
power correction  ÃØ added. The dashed line shows second order perturbation theory at the very low scale Ç  Ø with no
power correction added. For both observables x







Fig. 35: A schematic representation of the scale dependence of a heavy quark mass defined with a ‘physical’ infrared cutoff
(solid line) and in the dimensional regularization (dashed line). The shaded area illustrates uncertainties of the mass definition
when the scale is driven to values of order 1ﬃ24365
QCD, the best we can do is to calculate the perturbative quark propagator to a certain order, find position























The pole mass has many nice features: it is infrared finite, gauge independent and independent on the
renormalization scheme. However, it turns out [41] that the perturbative series in Eq. (119) is divergent
and the sum of the series is ambiguous by an amount of order g O¦¥ﬃS . It follows that the quark pole mass







the same as the ‘physical’ quark mass in Fig. 35. Roughly speaking, this means that it is not possible to
cheat: since the ‘physical’ quark mass does not exist, there is no unique way to define it in the theory.
At first sight, this result looks very intriguing: how does the perturbation theory know about quark
confinement? Let us postpone this question to the next section. For now, notice that this uncertainty
has important practical implications as it means that the pole mass has to be eliminated as a parameter
in calculations of physical observables, if these observables are less sensitive to the infrared region than
the pole mass itself.5 Important examples of such observables are inclusive heavy quark decays and
top quark production near threshold in  Á 
»
annihilation that we have discussed in Sect. 5.1. The ’PS’
(potential-subtracted) top quark mass used in Fig. 24 corresponds to a particular version of the mass
definition using a ‘physical’ cutoff ¸ ¤G#Ç GeV in the spirit of Fig. 35. The value ¸ ¤G#Ç GeV is chosen
because this is the characteristic size of the would-be bound ç

ç states. It is much less that ßMeñ í U GeV
so that the mass dependence on ¸ is linear and no large logarithms are generated in the calculation of the
cross section, and, on the other hand, much bigger than g O¦¥ﬃS so that nonperturbative uncertainities are
negligible.
6.3 High orders of perturbation theory
Let us return once more to the calculation of QCD corrections to the polarization operator in Fig. 32 and




be the gluon momentum and let us assume that the calculation of the diagrams is organized
in such a way that the integration over the gluon momentum is the last one. Before this integration is
5Note also that a quantity that cannot be defined in principle, is not a good candidate for the particle data tables.



















 ï¢ is a certain function. The factor í ®
 
¡
can be thought of as coming from the gluon prop-
agator, it is written explicitly for convenience and in order to emphasize that the whole expression has
to carry no dimension. The expression in (121) parallels that in (97) (apart from that it is written in mo-
mentum space) and the only new point is that we indicate the argument of the QCD coupling explicitly:
The scale of the coupling played no roˆle in the discussion in Sect. 6.1, but it will be important for what
follows.
As we discussed in Sect. 3.2, using the QCD coupling at the scale of the gluon virtuality (more
generally, transverse momentum) is nothing but a compact way to take into account a certain class of





































¡ ®Ç¯¡£¢ º  (122)
where Ü ¹ ¤uì®  T ¢ , À¤ íÇí
é
#Ç®ÜÞÝ . The Ü -th term in the sum corresponds to the Ü -th order perturbative
correction to the gluon propagator coming from the ‘bubble’ diagrams like those shown in Fig. 366. In
kq q ++
Fig. 36: The set of ‘bubble’ diagrams consists of all diagrams with any number of loops inserted into a single gluon line
fact, our aim in this section is exactly to investigate generic features of Feynman diagrams in high orders.
The ‘bubble’ chains in Fig. 36 provide a convenient example because of their simple structure; their
interpretation as part of the running coupling only serves as a motivation.






































 because of the







and expand the function « 
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. Let us discuss this result in some
detail.
6This interpretation is not exact in a nonabelain gauge theory like QCD because the coupling renormalization involves parts
of the vertex corrections. One can show, however, that this is not a ‘problem’, see [42] for details.



























depend on the order of perturbation theory as

º
ñ const ¿= ºÜ<  (127)






















perturbation theory summed to order N
Σ
N
Fig. 37: Divergence of a perturbation theory. A toy-model example using (127) and the numerical value >@?ðx   
For large values of Ü , sooner or later it will happen that the growth of Ü< will overcome the smallness
of the coupling and the perturbative series starts to diverge, as illustrated in Fig. 37. The divergence
means that the sum of the series is not well defined; the best what we can do is to stop calculating further






reaches the minimum value and ascribe an error (uncertainty) to the sum of
the series, of the order of the minimum term7. Assuming (127), the minimum term in the series occurs





























We conclude that the sum of all orders in QCD perturbation theory is only defined to a power accuracy in
the hard scale. This means, among other things, that it is not possible to distingush between perturbative
and nonperturbative effects in a rigorous way: Nonperturbative corrections are needed in order to make
the perturbative series well-defined.
Divergencies of the perturbative series that are related to (coupling) renormalization are called
renormalons. Let us try to find a physical explanation for their appearance.




is a good expansion



















































































Ü ®ìß ¢ decreases exponentially with the order of perturbation
theory. A perturbative calculation is justified for the polarization operator because the internal gluon
7This involves an assumption that the QCD perturbative series is an asymptotic series in mathematical sense.
momenta have to be of the order of the hard scale  simply because there is no other dimensionful
parameter. This argument applies to perturbative diagrams of any order. However, the coefficient of
proportionality between
 
and  can and does depend on Ü ; what we have found is that this coefficient
decreases rapidly so that even if  is huge, in high orders one unavoidably hits the nonperturbative
region.
Another way to see this: Imagine the perturbation theory is defined with an explicit cutoff at low





























¢Í®Ü , without any
Ü< enhancement. It folows that (infrared) renormalons are in one-to-one correspondence with the con-
tribution of low momenta in Feynman diagrams. In particular, if the perturbation theory is defined with
an explicit infrared cutoff, there are no renormalons whatsoever, the series becomes convergent (for a
sufficiently small coupling). Note also that the phenomenon of the renormalon divergence has nothing to
do with the behavior of the strong coupling at large scales, but rather derives from the logarithmic scale








 in (123). Such contributions give rise to the so-called ultraviolet renormalons
that I will not discuss in these lectures. They are not related to nonperturbative corrections but can be
important in a different context, see [42] for a review and further references.
The connection between infrared renormalons and contributions of small momenta in Feynman
diagrams can be used in both directions. As discussed in Sect. 6.1, small momentum contributions to the
polarization operator can be isolated in terms of vacuum matrix elements of local operator. It follows
that the leading infrared renormalon (the one corresponding to the largest uncertainty (128) alias the
smallest ß ) must be in one-to-one correspondence to the contribution of the local operator of the lowest
dimension, the gluon condensate. We have found that the gauge invariance forbids the existence of the
gluon condensate of dimension two, so that the leading nonperturbative correction has to be suppressed
by four powers of  . Translating to the renormalon language, this result means that the gauge invariance
forbids having a nonzero value for the coefficient « ]
/
§ in (124) so that the ßú¤ í contribution is missing
and the ambiguity in the summation of the series (128) starts with ß ¤ # , i.e. it is of order ñ í ®Ç  .
The same result can of course be obtained by the direct calculation of the function « 
 
 ¢ that enters
Eq. (121) but the whole point is that this calculation is not needed. Moreover, the absence of ßú¤ í term
in the Taylor expansion of the gluon virtuality distribution function « 
 
 ï¢ is a general property of any
gauge-invariant set of Feynman diagrams of arbitrary order.
The argument can be reversed and used in the opposite direction: Any divergence of perturba-
tion theory observed in the calculation of a certain class of Feynman diagrams (typically having chain
structure) in general necessitates the existence of a power-suppressed nonperturbative correction unless
there is some conspiration. In fact any divergence of the perturbative series generated through the bubble
chain insertions is in one-to-one correspondence to the calculation of the simple one-gluon exchange
diagram with an explicit infrared cutoff. From the technical point of view, the language of renormalons
allows to introduce infrared regularization in the theory without the need to calculate integrals with an
explicit infrared cutoff, in very much the same spirit as the dimensional regularization is used to handle
logarithmic ultraviolet (and infrared) divergences. For example, the function Ý  ¢ in (112) is calculated
most easily using this trick.
Any phenomenological analysis of higher-twist corrections is done by a comparison of the mea-
sured value of a certain observable to the fixed-order (or resummed or etc.) perturbative prediction, and
fitting the difference to a power-suppressed contribution, as indicated in Eq. (110). As follows from the
above discussion, the higher-twist correction defined in this way (and this definition is the only possible
one) presents an effective parametrisation of both nonperturbative effects and higher-order perturbative
corrections. Because of this, the size of power corrections that are necessary to describe the data may
depend significantly on the order of the perturbative series involved in the analysis — large power cor-
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Fig. 38: Twist-4 correction to × Ö & as extracted from the (revised) CCFR data. The three plots show the effect of including
leading order (LO), next-to-leading order (NLO) and next-to-next-to-leading order (NNLO) QCD corrections in the twist-2
term. The data points [43] are overlaid with the shape obtained from the “renormalon model” for the  ÃØ
C
power correction
(the normalization is arbitatry).
rections can in many cases be interpreted as missing (uncalculated) contributions of higher orders of
perturbation theory. The general trend for the necessary power corrections decreasing with the increas-
ing accuracy of the perturbative description has indeed been observed in deep inelastic scattering, see
Fig. 38.
6.4 Instantons
One may ask whether the QCD perturbation theory ‘knows’ through the renormalon divergences about
all nonperturbative effects? The answer to this question is ‘no’. Moreover, the basic assumption that all
nonperturbative effects in QCD come from large distances is probably incorrect. We know that because
we know an example of a nonperturbative phenomenon in QCD that is in fact short-distance.
Nonperturbative corrections can be thought of as being due to the complicated structure of the
nonperturbative QCD vacuum, filled with virtual quanta. A fast quark propagates through the vacuum
and acquires, e.g. the effective mass in the similar fashion as electrons acquire an effective mass in
metals. The usual logic says that nonperturbative vacuum fluctuations are due to slowly varying color
fields and in this case they can be taken into account in some kind of a mean-field approximation: The
operator product expansion is nothing but the mean-field approximation, adapted for a field theory.
Existence of instantons show that this logic has a caveat. An instanton is a nonperturbative vacuum
fluctuation (nonperturbative means that it cannot be built from a finite number of quanta) that is ‘almost’
gauge artefact: The instanton field looks as a gauge transformation so one would be prepared to declare
it gauge-equivalent to a zero field if there would be not a problem: this transformation is singular. We
are not allowed to make singular gauge transformations, so we cannot get rid of an instanton: the best
we could do is to move the singularity to another point or to the spacial infinity, but it does not help.
Instantons have an integer quantum number which is called topological charge and many intriguing
features. For example, the Dirac equation for a massless left-handed quark in the field of an instanton has
a solution with zero energy, while for the antiinstanton there is a similar solution for a right-handed quark.
This means that if an instanton is added (or removed) from the vacuum, the total amount of available
left-handed minus right-handed quark states changes by one: the vacuum is changing its chirality. A
detailed discussion of instantons goes beyond the scope of these lectures, see [44] for some very good
reviews.
Instantons have a size and the probability to find an instanton of small size ´ ¤ í ®Ç in the QCD























Since  ¤ íÇí
é
#Ç®ÜÞÝ is a large number, this probability turns out to be very small, of order í ®ÇKJ –
í
®ÇKL , and this is what saves us: instanton-induced contributions to a generic hard process are negligible
compared to the ‘usual’ nonperturbative effects related to slow-varying vacuum fluctuations8.
It turns out, however, that nonperturbative production of final states with a very large hadron multi-
plicity that I have mentioned in Sect. 2.3 can be mediated by an instanton field [45] and the corresponding
experimental program is being pursued at HERA [46].
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